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ABSTRACT 

The  present  paper  is  particularly  exhibits  about  the 
derive  results  of  a  third-order  singular  multipoint 
boundary  value  problem  at  resonance  using  coindence 
degree  arguments. 
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INTRODUCTION 

This  paper  derive  the  existence  for  the  third-order 
singular  multipoint  boundary  value  problem  at 
resonance  of  the  form 

u"  =  g(.t),u(t),u'(t),u"(t))  +  h(t ) 

u  (0)  =  0,u  (0)  =  0, 

772-3 

u(l)  =  CLibj  u(fcy), 
i,j= 1 

Where  g  ■  [0,1]  x  R2  -»  R  is  caratheodory’s  function 
(i.e.,  for  each  (u,v)  6  R2  the  function  g(.,u,v)  is 
measurable  on  [0,1];  for  almost  everywhere  t  E  [0,1], 
the  function  g(t,.,.)  is  continuous  on  R2).  Let 
Gy  e  (0,1),  i,j  =  1,2, ... ,  m  -  3,  and  V™=i  a^bj  = 
1 ,  where  g  and  h  have  singularity  at  t=l. 

In  [1]  Gupta  et  al.  studied  the  above  equation  when  g 
and  h  have  no  singularity  and  V"y= 2  at bj  =£  1.  They 
obtained  existence  of  a  CX[0,1]  solution  by  utilizing 
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Letay-Schauder  continuation  principle.  These  results 
correspond  to  the  nonresonance  case.  The  scope  of 
this  article  is  therefore  to  obtained  the  survive  results 
when  Vjj=i  afj  =  1  (the  resonance  case)  and  when 
g  and  h  have  a  singularity  at  t  =  1. 

Definition  1 

Let  U  and  W  be  real  Banach  spaces.  One  says  that  the 
linear  operator  L\  dom  L  c  U  ->  W  is  a  Fredholm 
mapping  of  index  zero  if  Ker  L  and  W /Im  L  are  of 
finite  dimension,  where  Im  L  denotes  the  image  of  L. 

Note 

We  will  require  the  continuous  projections  P:U  -»  U, 
Q:  W  ->  W  such  that  Im  P  =  Ker  L,Ker  Q  =  Im  L, 
U  =Ker  L©  Ker  P,  W  =Im  L©  Im  Q, 
L\dom l  n  Ker p  '■  dom  L  fl  ker  P  -»  Im  L  Iis  an 
isomorphism. 

Definition  2 

Let  L  be  a  Fredholm  mapping  of  index  zero  and  Q  a 
bounded  open  subset  of  U  such  that  dom 
LflO  =£  0.  The  map  M:  U  ->  W  is  called  L-compact 
on  fl,  if  the  map  QN(Q)  is  bounded  and  RP(I  —  Q )  is 
compact,  where  one  denotes  by  RP  :  Im  L  —> 
dom  L  n  Ker  P  the  generalized  inverse  of  L.  In 
addition  M  is  L-completely  continuous  if  it  L-compact 
on  every  bounded  Q.  c  U. 
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Theorem  1 

Let  L  be  a  Fredholm  operator  of  index  zero  and  let  N 
be  L-compact  on  Q.  Assume  that  the  following 
conditions  are  satisfied  : 

(i)  Lu  =£  kMu  for  every  (u,  k)  E 

[( dom  L  \  Ker  L)  n  dtc]  x  (0,1). 

(ii)  Mu  Im  L,  for  every  u  E  Ker  L  n  Ok. 

(iii)  deg  (QM\Ker  L  ndK  f  k  n  Ker  L,0)  =jt  0, 

with  Q:  W  -»  W  being  a  continuous  projection  such 
that  Ker  Q  =  Im  L.  then  the  equation  Lu  =  Mu  has  at 
least  one  solution  in  dom  L  n  Q. 

Proof : 

We  shall  make  use  of  the  following  classical  spaces, 
C[0,1],  C1[0,1],  C2[0,1],  L1[0,1],L2[0,1], 

and  [0,1].  Let  AC[ 0,1]  denote  the  space  of  all 
absolute  continuous  functions  on  [0,1],  AC1  [0,1]  = 

{u  E  C2[ 0,1]  :  li"(t)  e  AC [0,1]},  L}OC[0,1]  = 

(u:  u|[0,d]  6  L1  [0,1])  for  every  compact  interval 
[0 ,d]  c  [0,1]. 

ACioc[0,l )  =  {tt:u|[0,d]  G  AC[0,1]}. 

Let  U  be  the  Banach  space  defined  by 

U  =  {UE  L\oc[ 0,1]  :  (1  -  t2)u(t)  G  L1  [0,1]}, 
With  the  norm 


Ml 


«  =  f(  l- 

j  0 


t2)  \v(t)\dt. 


Let  U  be  the  Banach  space 


U  =  {uE  C2 [0,1):  u  E  CtOALlim^-Cl  - 
t2)u"  exists }, 

With  the  norm 

IMIu  =  max{  ||n||00,||(l-t2)u"(t)||oo}. 

(1) 

Where  \\u\L  =  supte[0,i]|u(t)| . 

We  denote  the  norm  in  ^[0,1]  by  ||.  I^.  we  define  the 
linear  operator  L :  dom  L  c  U  W  by 


Lu  =  u  (t). 


(2) 


Where 


dom  L  =  |^it  G  U  •  u  (0)  =  0,u  (0)  =  0,u(l) 

771-3  \ 

=  \J  atfyufr)] 

i.j= 1 

And  M\U  W  is  defined  by 

Lu  =  g  ^t,rt(t),u  (t),rt"(t))  +  h{t). 

(3) 

Then  boundary  value  problem  (1)  can  be  written  as 
Lu  =  Nu. 

Therefore  L  =  N. 

Lemma 

If  V™=i  ciibj  =  1  then 


(i) 

(ii) 

(iii) 


Ker  L  =  {uE  dom  L\  u(t )  =  c,  c  E  R,  t  E 

[0,1]} ; 

(v  E  z:  t 

VI-!  aibj  /0S  v(g)dgds  =  Oj 

L:  dom  L  c  U  W  is  a  Fredholm  operator 
Q:  W  -*  W  can  be  defined  by 

t  m—3  1  1  s 

®V  =  ~h\l  aibj  iff  v^dQds’ 

i,j= 1  Si  Jtj  J0 


(4) 


Where 


771-3 


-  \J  aibj  [e  +  Zi  + 


,  —  P^i  —  gO  — 


1] 


i,j=l 


(iv) 


The  linear  operator  Rp:ImL:^> 
dom  L  fj  Ker  P  can  be  defined  as 


1  1  .S' 

RP=  [  [  [  v{g)dg  (5) 
Jti  Hj  Jo 


(v) 

Proof : 

(i) 


<  \\v\\w  for  all  v  G  W. 


It  is  obvious  that 
Ker  L  —  {u  E  dom  L:  u(t )  — 
c,  c  E  R}. 
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(ii)  We  show  that 
Im  L  = 

r  v  e  W:  j 

(Vy=i  at bj  /0S  v (p)dpds  =  0  j '  W 

To  do  this,  we  consider  the  problem 

w"'(t)  =  17(t)  (8) 

And  we  show  that  (5)  has  a  solution  w(t )  satisfying 


771-3 


w  (0)  =  0,  w'(0)  =  0,w(0  =  \J  ciibjwfaj) 


ij= i 


If  and  only  if 

771-3 


dtbj  J  j  j  v(g)dgds  =  0 

i,j= l  ^  J^i  J° 

(9) 

Suppose  (3)  has  a  solmution  w(t)  satisfying 

777  -3 

w"(0)  =  0,  w'(0)  =  0,w(O  =  ^  ciibjwfaj) 

ij= i 

Then  we  obtain  from  (5)  that 

w(t)  =  w(0)  +  f  f  f  v(g)dgds, 
hi  hj  h 

(10) 

And  applying  the  boundary  conditions  we  get 


\J  atbj  J  J  J  v(g)dgds 

i,j= 1  &  J$j  J° 

=  f  [ 1  [Sv(g)dgds, 
hi  hj  Jo 

Since  V™=i  a^bj  =  1,  and  using  (i)  and  we  get 

m-3  1  1  s 

\J  dtbj  J  J  J  v(g)dgds  =  0 

i,j= l  JZj  J0 


w(t )  =  w(0)  +  f  f  f  v(g)dgds, 
hihjh 


Where  v  6  Z 

w”(t)  =  v(t) 


(12) 


(iii)  For  v  6  Z,  we  define  the  projection  Q*7  as 

t m-3  1  1  s 

=  iff  v^dQds> 

i,j= i  ^  A;  1/0 


t  E  [0,1], 


(13) 


Where 
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h=\J  aibj  [e  +  <Ti  +  0  “  “  e^;  -  l]  *  0. 

i.j= 1 

We  show  that  Q:  VF  -»  IF  is  well  defined  and 
bounded. 

I  fl  m-3  1 

l<MOI  -  "^j"  V  Jc1  _  s)2  Ks)lds 


U=1 

777-3 


=mV|a'|li’J|WI"'|e'1 


|A|.\  , 

l,J  =  l 


-L 

||Qv|Im/<  J(1  -  t)2  \Qv(t)\dt 
0 

777-3  1 

“  V  Jc1  - s)2  ds 

i.j=  l  0 


777-3 


ij= 1 

In  addition  it  is  easily  verified  that 

q2i;  =  Qi7,  17  6  VF.  (14) 

We  therefore  conclude  that  (?:  VF  — >  I/F  is  a  projection. 
If  v  G  Im  L,  then  from  (6)  Qv(t)  =  0.  Hence 
ImL  Q  Ker  Q.  Let  v1  =  v  —  Qv  ;  that  is,  v1  E 
Ker  Q.  Then 


On  the  other  hand  if  (6)  holds,  let  u0  G  R;  then 
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t?i  (g)dgds 


v(g)dgds 


1 

h 


v(g)dgds 


Here  h  =  0  we  get 

771-3 


\J  atb}  fff  v1(g)dgds 
i,j= 1  Si  JSj  J° 

m-3  l  l  s 

=  ^  atbj  J  J  j  v(g)dgds 

i,j=  i  Si  Jo 

Therefore  vt  =  v. 

Thus  v-y  6  Im  L  and  therefore  Ker  Q  Q  Im  L  and 
hence 

W  =  Im  L  +  Im  Q  =  Im  L  +  R. 

It  follows  that  since  Im  L  D  R  =  {0},  then  W  = 

Im  L  ©  Im  Q. 

Therefore, 

dim  Ker  L  =  dim  Im  Q  =  dim  R  =  codim  Im  L  =  1. 

This  implies  that  L  is  Fredholm  mapping  of  index 
zero. 

(iv)  We  define  P  :  W  VF  by 

Pu  =  u(0),  (15) 

And  clearly  P  is  continuous  and  linear  and  P2u — 
P(Pu )  =  Pu(0)  =  u(0)  =  Pu  and  Tfer  P  = 
{u  G  U  :  u(0)  =  0}.  We  now  show  that  the 
generalized  inverse  KP  =  Im  L  — >  dom  L  n  Ker  P  of 
L  is  given  by 

“j  “j 

rpv=  [  [  [  v(g)dg  (16) 

J<i  Uj  Jo 
For  v  G  Im  L  we  have 


(LRp)v(t)  =  ppv)(t)]"  =  v(t)  (17) 
And  for  u  G  dom  L  (~\  Ker  P  we  know  that 


(J?p  L)  u(t)  = 


u\g)dgds 


(18) 


=  u(t)  —  u'(O)  t  —  u(0)  =  u(t ) 

Since  u  G  dom  L  n  /fer  P,  u( 0)  =  0,  and  Pu  =  0. 
This  shows  that  RP  =  (h|domLnft:erp)_1. 

(v)  IIVIL  -  maxte[o,i]  /o(t  -  s)2|v(s)|ds 

t 

<  J (t  —  s)2|v(s)|ds 
0 

<  \\V\\W. 

We  conclude  that 

II^p^IIvk  -  WvWw. 
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